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INVARIANT HILBERT SCHEMES 
AND LUNA’S ETALE SLICE THEOREM 

Y. MATSUZAWA 


Abstract. Luna’s etale slice theorem is a useful theorem for the local study of 
quotients by reductive algebraic groups. In this article, we show that the slice 
theorem can also be used to study local structures of invariant Hilbert schemes. 
By using this method, we show some results on smoothness of invariant Hilbert 
schemes at closed orbits. 


1. Introduction 

Let G be a reductive algebraic group over over an algebraically closed field k 
of characteristic zero. The Invariant Hilbert scheme is the scheme parameterizing 
G-stable closed subschemes of an affine G-scheme X of finite type k. Here a G- 
scheme means a scheme with an action of G. It is introduced by Alexeev and Brion 
in [AB05) for the case G is connected. The existence of invariant Hilbert schemes 
for non connected G is proved in |Brll) . 

In [MS 10) Maclagan and Smith proved that multigraded Hilbert schemes for 
polynomial ring are smooth and irreducible. Therefore invariant Hilbert 

schemes are smooth and irreducible when G is diagonalizable and X is the affine 
two space (in this case any action is isomorphic to a linear action). 

Even connectedness is broken for invariant Hilbert schemes which holds for clas¬ 
sical Hilbert schemes of projective spaces. It is expected, however, that in low 
dimensional cases or under good conditions of the action which enable us to reduce 
problems to lower dimensional cases, some geometric properties can be shown in 
general. 

In this article, we show that Luna’s etale slice theorem is compatible with in¬ 
variant Hilbert schemes. If x S X{k) is a smooth point such that the orbit Gx 
is closed, we show that there are following two etale morphisms by using the slice 
theorem. 


Hilb^(A) 



Hilb^TT^U) 

Here V is a slice at x, Gx is the stabilizer of x, /i is a given Hilbert function with 
h{0) = 1 (0 denotes the trivial representation) and h is a suitable Hilbert function. 


1 








2 


Y. MATSUZAWA 


The purpose of this paper is to study these morphisms in detail (see Theorem l2.41 
Remark l3.6|l . 

If Z is a G-stable closed subscheme of X with underlying topological space 
Gx and h is the Hilbert function of Z, then h has finite support. In this case 
{TxV) is an open subscheme of Hilb„(Ta;H)‘^“’ where n = X]Meirr(G*) h' (M) 
and Hilb„(ra:H) is the punctual Hilbert scheme. Therefore, for example, Hilb^(X) 
is smooth at Z if Hilbn(Ta;H) is smooth. 

In section 2 we state the main theorems and in section 3 we give the proofs. 

2. The Main Theorems 

Throughout this article, k is an algebraically closed field of characteristic zero, 
G is a reductive algebraic group over k. Let Irr(G) denote the set of isomorphism 
classes of irreducible representations of G, and the class of the trivial representation 
is denoted by 0. A variety over k means a reduced separated scheme of finite type 
over k. A G-variety (resp. G-scheme) means a variety (resp. scheme) over k with 
an action of G. 

We use the following well known theorems by Luna (see [Lu 73] or [i>]L 

Proposition 2.1. (Luna’s etale slice theorem) 

Let X be an affine G-variety. Let x G X{k) be a point such that the orbit Gx 
is closed. Then Gx is reductive and there exist a loeally elosed subvariety V of X 
such that 

(1) V is affine and contains x. 

(2) V is Gx-stable. 

(3) The G-morphism if : Gx'^^V X induced by the action of G on X is strongly 
etale and the image U is a saturated open affine (see Defi,nition \S. 1\ for the definition 
of strongly etale morphisms and saturated open sets). 

We eall sueh V an etale slice at x for the action G on X. 

There is a more precise version of this theorem when X is smooth at x. 

Proposition 2.2. Under the situation of Provosition [KT[ if X is smooth at x, V 
can be chosen smooth and there exists a strongly etale Gx morphism ip : V TxV 
such that 

(4) p{x) = 0, and {dp)x = id. 

(5) TxX = Tx{Gx)®TxV. 

Luna’s etale slice theorem can be used to analyze the local structure of quotients. 
Since invariant Hilbert schemes can be regarded as ’’refined quotients”, we expect 
that the slice theorem is effective to study the local structures of invariant Hilbert 
schemes. 

Theorem 2.3. Let h : Irr(G) —>■ N &e o Hilbert function with h{0) = 1. Ln 
the situation of Proposition \2.1[ there exist finitely many Hilbert functions h, : 
Irr(Ga;) ^N,z = l,2,..,r with h^{0) = 1 and etale morphisms 

Hilb;j)-(l/)^Hilb^(A), * = l,2,..,r 

such that their images cover the open set Hilb^(C/). 

Moreover, if X is smooth at x, then there are etale morphisms 
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{V) ^ (T^V), i = l,2,..,r. 

Under the condition h{0) = 1, the target of the Hilbert-Chow morphism Hilb^ {X) 
Hilb(X/ZG) is isomorphic to Xj(G. Thus under this condition, Hilb^(X) can 
be regarded as a refined quotient. 

The local structure of invariant Hilbert schemes at a point which represents a 
closed orbit is reduced to that of finite support Hilbert functions. 

Theorem 2.4. Let X be an affine G-variety. Let x G X{k) be a point such that 
Gx is a closed orbit and V an etale slice at x. Let Z G X be a G-stable closed 
subscheme such that the underlying topological space is Gx. Let h be the Hilbert 
function of Z. Suppose h{0) = 1. Then there is a support finite Hilbert function 
h : Irr(Ga;) —>■ N with h (0) = 1 and an etale morphism 

mih^nv) ^ Hiib^(x) 

such that the image contains Z G HilbZ'(X)(/c). 

Moreover, if X is smooth at x, then there is an etale morphism 

Hilb^,"{U) ^ Hilb^,"(TrU). 

By Theorem 12.41 we conclude some smoothness of invariant Hilbert schemes at 
closed orbits. 

Corollary 2.5. Let X be an affine G-variety. Let x G X{k) be a smooth point 
such that Gx is a closed orbit. Let Z G X be a G-stable closed subscheme such that 
the underlying topological space is Gx. Let h be the Hilbert function of Z. Suppose 
h{0) = 1. 

(1) If dmixX — dimZ < 2, then Hilb^(df) is smooth at Z. 

(2) If Z is Gorenstein and dim^jX — dimZ = 3, then Hilb^(X) is smooth at Z. 

(3) If Z is reduced, then Hilb^(X) is smooth at Z. 

Here d\Ta.a;X = inf{dimVU \x GW, W G X open} is the dimension of X at x. 

As an obvious corollary, we have the following. 

Corollary 2.6. Let X be an smooth affine G-variety and assume the action is 
closed i.e. for all x G X(k), its orbit Gx is closed. Let h : Irr(G) ^ N 6e a Hilbert 
function with h{0) = 1. 

(1) If dimX/G < 2, then Hilb^(Ai) is smooth. 

(2) If dimX/G < 3, then Hilb^(A') is smooth at every point which represents a 
Gorenstein subscheme. 

(3) Hilb^(Ai) is smooth at every point which represents a reduced subscheme. 

Proof. Let TT : X ^ AT/G be the quotient morphism. Let .Z be a point of Hilb^(vA)(fc) 
Since h{d) = 1, 'k{Z) is one point. Therefore if we take a point x G Z{k), then 
the underlying space of Z is Gx. Note that dimj;^ — d\mZ < dimAT/G. Now the 
statements follow from Corollarv l2.5l □ 

3. Proofs 

To prove Theorem 12.31 and Theorem 12.41 we need some lemmas. 

First, we investigate that how to change invariant Hilbert schemes under the 
morphism of ProDOsition l2.ll (3). 
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Definition 3.1. Let X,Y be affine G-schemes of finite type over k. 

(1) An open subset U C X is called saturated if and only if there is an open subset 

V C Xj jG such that = U. Here tt : X —>■ X//G is the categorical quotient. 

(2) A morphism ip : X ^ Y is called strongly etale if and only if 

(i) The following commutative diagram is cartesian. 



XIIG—^YIIG 

Vl/G 


(ii) The induced morphism pj jG is etale. 

Saturated open subsets and strongly etale morphisms are compatible with in¬ 
variant Hilbert functors. 

Lemma 3.2. Let X be an affine G-scheme of finite type over k, U C X be a 
saturated open affine subset. For every h : Irr(G) N, there is a canonical open 
immersion 

Hilb^(C/)^Hilb^(X). 

Proof. We consider the Hilbert schemes as functors from the category of noetherian 
fc-schemes to the category of sets. We have to construct a natural transformation 
and prove it is an open immersion. 

Let S' be a noetherian fc-scheme and W C U x S he a G-stable closed subscheme 
with Hilbert function h. Then we have the following commutative diagram. 


W 



WNG -^ U//G X S-^ X//G X S 

" i//G " 3/tG " 


Here i (resp. j) is the inclusion, ijjG (resp. jjjG) is the induced closed immersion 
(resp. open immersion), i is the base change of i//G. Since U is saturated, j 
is the base change of fljG. Since W is multiplicity finite, Wj jG is finite over S 
and fljG oijjG is finite. Therefore j o i is finite and j o i is a closed immersion. 
So we have an injective natural transformation Hilb^(f7) —>■ Hilb^(X) by sending 
i:W X S to j oi:W ^ X X S. 

Now we show that the natural transformation is an open immersion. Let W C 
X X S' be a closed G-subscheme with Hilbert function h. Let Z = W f\{X\U x S), 
where X \ U with its reduced structure. Then Z is a multiplicity finite closed G- 
subscheme of X x S. Let p : Z S he the structure morphism. Then for any 
morphism / : S S, 

f*W € Hilb^(t/)(S') ^ f*Z = f factors S\p(Z). 
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But since p Z ^ Zj jG ^ S and Zj jG is finite over S', p{Z) is closed in S, hence 
Hilb^([/) is an open subfunctor of Hilb^(X). □ 

Lemma 3.3. Let X,Y be affine G-schemes of finite type over k, (p : X ^ Y be 
a strongly etale morphism. For h : Irr(G') —>■ N with h{0) = 1, (p induces an etale 
morphism 

$:Hilb^(X)^Hilb®(y). 

If p is surjective, then $ is surjective. 

Proof. Step 1. First we construct a natural transformation from Hilb^(X) to 
Hilb^(y). Let S be a noetherian fc-scheme, and bF C X x S be a G-stable closed 
subscheme with Hilbert function h. Then we have the following commutative dia¬ 
gram. 


W 



WNG -^ X//G X S-^ Y//G x S 

" *//G " V//G " 


Here i is the inclusion and i is the base change of if jG. Since p is strongly etale, 
p is the base change oipjjG. By the assumption of h{0) = 1, WjjG = S and 
pj jG o i//G is a closed immersion. So p o i is also a closed immersion and hence 
p o i is a closed immersion. Therefore we get a natural transformation 

$ : Hilb®(X)(S') ^ Hilb^(r)(S') ;{i:W ^ X X S)e^ ipoi:W ^Y X S). 

Step 2. Next we verify that the natural transformation $ constructed in Step 
1 is an etale morphism. By the infinitesimal lifting property, we have to check that 
for an arbitrary noetherian affine scheme SpecH over Hilb^ (Y) and an ideal I C A 
with = 0, 

HomHiibG(y)(SpecH,Hilb^(X)) HomHiibG(y) (SpecH//, Hilb^f (X)) 

is bijective. This is equivalent to that for an arbitrary noetherian ring A over k, an 
ideal I C A with = 0, and Z € Hilb^(y)(H), 

<S>{A)-\Z) <S>{A/I)-\Z) 

is bijective. Here Z is the image of Z by Hilb^(F)(H) -5- Hilb^(y)(H/J). 

Hilb«(X)(H)-- Hilb^(X)(H//) 

$(A) $(A//) 

Hiib^(r)(H) —- Hiib^(r)(H//) 



6 


Y. MATSUZAWA 


Consider the following commutative diagram where every square is cartesiau. 



Then 

^{A)~^{Z) ~ {sections of a} ~ {D C T open | a\D is an isom} 

^{A/I)~^{Z) ~ {sections of /?} ~ {D C T open | /3|^ is an isom}. 

Note that Z is an affine scheme and the ideal J of Z in Z satisfies = 0. Since a 
is etale, these two sets are canonically bijective. 

steps. Suppose (p is surjective. It is enough to show that Hilb®(X)(fc) 
Hilb^(y)(A:) is surjective. Let Z C F be a G-stable closed subscheme with Hilbert 
function h. Then ZjjG is one point and denote \t z : ZjjG = Specfc YjjG. 

Consider the following commutative diagram 


W -^Z 



where every square is cartesian. Since pjjG is etale pjjG ^(z) is a disjoint union 
of Speck. Therefore W ^ Z has a section and Z is in the image of Hilb^ {X){k) 
Hilb^(F)(fc). □ 

Second we investigate the relation of invariant Hilbert schemes of G and Gx- 

Definition 3.4. Let H C G be a reduetive .subgroup, and X be an affine H-scheme 
of finite type over k. Then H aets on G x X by h{g,x) = {gh~^,hx). Then we 
denote the quotient (G x X)/H by Gx^X and eall it the induced scheme. Gx^X 
is naturally a G-scheme by g{g ,x) = {gg ,x). 

Lemma 3.5. Let H C G be a reductive subgroup, and X be an affine H-scheme of 
finite type. Then for every h : Irr(G) —>■ N, there are finitely many Hilbert functions 
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/ij : Irr(iJ) —N with ^1^(0) = 1 such that 

Hilb^(Gx'^X) = ]jHilb^(X) 

i 

Proof. This is an immediate consequence of the proof of [RHTI Lemma 3.2]. □ 

Now we can easily prove Theorem 12.31 

(proof of Theorem, \2.S\) . By Proposition l2.11 there is a strongly etale surjective mor¬ 
phism followed by saturated open immersion 

G V ^ X. 

Using Lemma 13.21 and Lemma 13.31 to these morphisms, we get 

Hilb^(G U) ^ Hilb$r(t7) -A Hilb^(X) 

where the first morphism is etale surjective and the second is an open immersion. 
Then the first assertion follows from Lemma 13.51 If we apply Lemma 13.31 to the 
strongly etale morphism V T^V of Proposition 12.21 then the second assertion 
follows. □ 

The proof of Theorem 12.41 is slightly complicated because we have to chase ele¬ 
ments of invariant Hilbert schemes. 

(proof of Theorem \2.4^ . We have the following commutative diagram. 

Z 


(G V)IIG -^ X/fG 

Here i is the inclusion and j is the closed immersion such that j{x) = (e,x) where 
(e,x) is the image of (e,x) G G x U in G x‘^“’ V. Next we consider the following 
diagram 


where p is the morphism induced by the first projection G x V ^ G and the two 
squares are cartesian. Note that / gives a homeomorphism of underlying spaces and 
especially is a quasi-finite morphism. Therefore W is finite over k and its Hilbert 
function h is support finite. By construction we have 

Hilb^,*(U)-^ Hilb^(G x^» V) -^ Hilb^(X) 




W^ 


(j :Z^G x^- V) I-^ (i-.Z^X) 
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and the first part of the theorem follows. 

The proof of the second assertion is similar to that of Theorem 12.31 □ 

Remark 3.6. We use the notation of the proof. If we put n = J^MsirriGx) ^ 
(which is well defined because h is support finite), we have the following commu¬ 
tative diagram. 

Hilb^,"(y)-^ Hilb„(t/) 

Hilb„(F)^* 

If X is smooth at x, then we have another commutative diagram. 

Hilb^(X) 


Hilb^,“(I")-^ Hilb^,“(T,y)-^ Hilb„(r,y) 



Here a maps W to length n closed subscheme of T^V supported at 0 and /3 is an 
open immersion. Therefore 7 is an etale morphism and '){W) represents C?a;-stable 
closed subscheme of T^V supported at 0 . 

To prove Corollarv l2.51 we need some results on smoothness. 





Lemma 3.7. Let H be a reductive group over k, Y be a separated H-scheme of 
finite type over k. Let y € (k) and suppose Y is smooth at y. Then Y^ is also 

smooth at y. 

Proof. This is a well known fact (see for example |Fo73j b but for the reader’s benefit 
we give a proof. 

Let m C Oy.y be the maximal ideal, / C Ov.y be the ideal of Y^ in Y at y. 
Note that H acts Oy.y since y is a hxed point and J is generated hy {h - f — f \ h € 
H{k), f G Oy^y}. Since / n G / is a R-submodule and H is linearly reductive, 
there is a R-submodule E C I such that I = (/ fl m^) 0 if. Let J C i be the ideal 
generated by E. 

We claim J = L. It is equivalent to show that H acts trivially on Oy^y/J. 
Let assume contrary. Then there exists n > 0 such that H acts non-trivially on 
A := {Oy^yl J) /(m/ J)". Then we have the following commutative diagram of linear 
algebraic groups over k. 

H -Aut(H) 

trivial > > 

GL((m/J)/(m/J)2) 

Here Aut(H) is the group of fc-algebra automorphisms, a is the group homomor¬ 
phism induced by the action H on A and fi is the natural group homomorphism. 
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Since H acts trivially on m/(m^ + J) = (m/J)/(m/J)^, /3oa is trivial. Now, by the 
assumption, a is not trivial. But Ker/3 is unipotent so that a induces non-trivial 
group homomorphism from a linearly reductive group to a unipotent group. This 
is a contradiction. 

Now, take a fc-basis of E. By the above claim, it generates I. It gives a basis of 
I /{I n m^) and therefore it gives a part of a basis of m/m^. Hence it is a part of a 
regular parameter system of OY,y and Oy^yj! = OyH y is regular. □ 

On the smoothness of punctual Hilbert schemes, the following facts are known. 

Proposition 3.8. Let Hilb„(A'^) be the punetual Hilbert seheme of n points. 

(1) |Fo 68 ) If d<2, then Hilb„(A'^) is smooth. 

( 2 ) [CN09) If d < 3 and Z € Hilb„(A'^)(fc) is Gorenstein as a scheme, then 
Hilbn(A‘^) is smooth at Z. 

(proof of Corollarv \2.5]) . Take a smooth slice V at x. By Proposition [221 dimH = 
dim^Al — dirnGx. We use the notation of the proof of Theorem 12.41 and Remark l3.6l 
By Theorem 12.41 and its proof, Hilbl^(X) is smooth at Z if and only if Hilb®“’(H) 
is smooth at W. 

(1) By ProDOsition l3.8l fll. HiVoniT^V) is smooth. By Lemma 1X71 Hilb„(T 3 ,H)^“’ 
is smooth. Since 7 is etale, Hilb®’’(H) is also smooth. 

(2) In the proof of Theorem 12.41 we have the following commutative diagram. 

id 

G/G, G/G, 


W = f He)-^ e 

Here the morphism GjGx —^ is the reduction. Therefore every local ring of W 
is the quotient of a local ring of ^ by a regular sequence. Hence W is Gorenstein 
if (and only if) Z is Gorenstein. By Proposition 13.81 121. {TxV) is smooth 

at W and Hilb^* is also smooth at W. Now the statement follows from 

Remark 13.61 

(3) If Z is reduced, then W = Specfc and h is trivial. Therefore Hilb|^,“’(H) = 
and by Lemma [221 this is smooth. 

□ 
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